In this paper, we test the idea of equilibrium similarity, for which all scales evolve in a similar way in a turbulent round jet, for a prescribed set of initial conditions. Similarity requirements of the mean momentum and turbulent energy equations are reviewed briefly but the main focus is on the velocity structure function equation, which represents an energy budget at any particular scale. For similarity of the structure function equation along the jet axis, it is found that the Taylor microscale is the relevant characteristic length scale. Energy structure functions and spectra, measured at a number of locations along the axis of the jet, support this finding reasonably well, i.e., they collapse over a significant range of scales when normalized by and the mean turbulent energy ͗q 2 ͘. Since the Taylor microscale Reynolds number R is approximately constant ͑Ӎ450͒ along the jet axis, the structure functions and spectra also collapse approximately when the normalization uses either the Kolmogorov or integral length scales. Over the dissipative range, the best collapse occurs when Kolmogorov variables are used. The use of ͗q 2 ͘ and the integral length scale L provides the best collapse at large separations. A measure of the quality of collapse is given.
I. INTRODUCTION
The concept of self-preservation, which in essence assumes that the flow is governed by single length and velocity scales, has been of undeniable value for describing the spatial evolution of laminar and turbulent flows. From a mathematical viewpoint, reducing the partial differential equations, which govern the fluid motion, to ordinary differential equations represents a considerable advantage. The Blasius solution for a laminar boundary layer over a flat plate is a well known illustration of this. In the case of turbulent flows, self-preservation has met with only mixed success, partly because of the wide range of scales that are present in turbulent flows and also because the notion of forgetfulness, or disentanglement from initial conditions, which is implicit in the notion of self-preservation, is an oversimplification. There is now a sufficient amount of experimental evidence to suggest (see, e.g., George 1 ) that initial conditions can influence the type of self-preservation that can be achieved in plane wakes (e.g., Wygnanski, Champagne, and Marasli 2 and Antonia, Zhou, and Romano 3 ) and also round jets. In the latter flow, different values-found in the literature-for the velocity decay rate in the far field and for the virtual origin point in this direction. George advanced the plausible suggestion that this influence reflects the link between selfpreservation and coherent structures.
At a more fundamental level, George argued that the previous difficulties, encountered with self-preservation, relate mainly to the restrictive manner in which the selfpreserving analysis was carried out. He showed that a more general analysis leads to the possibility that a particular type of flow can have a number of self-preserving states, each uniquely determined by its initial conditions. The new element in George's approach was to determine the relevant similarity scales from the analysis, instead of prescribing them arbitrarily from the outset.
George 1 applied the new analysis to both the plane wake and the axisymmetric jet by investigating the similarity requirements of the mean momentum and turbulent energy equations. The analysis was also applied to decaying homogeneous isotropic turbulence 4 and a homogeneous uniform shear flow. 5 The latter papers investigated the equilibrium similarity of the spectral energy equation; as for the momentum and mean turbulent energy equations, all terms in the spectral energy equation are required to evolve in exactly the same manner. In each case, the relevant length scale was found to be the Taylor microscale with ͗q 2 ͘ 1/2 (here taken as ͗q 2 ͘ϵuЈ 2 +2vЈ 2 , where uЈ ϵ͗u 2 ͘ 1/2 and vЈ ϵ͗v 2 ͘ 1/2 are the rms values of the streamwise and radial velocity fluctuations; the angular brackets denote averaging with respect to time and the prime represents the rms) as the characteristic velocity scale. Satisfactory support for this scaling was provided by measured spectra and velocity structure functions in grid turbulence 6 and measured spectra in a constant mean shear flow (cf. George and Gibson 5 and references therein). Since this similarity solution should apply to all scales of motion, the nonconstancy of R ϵ uЈ / , where is the air viscosity and ϵ uЈ / ͑‫ץ‬u / ‫ץ‬x͒Ј (for grid turbulence R decays with x; for a uniform shear flow, R increases exponentially with x), is not consistent with Kolmogorov's concept of local similarity (except possibly at infinite Reynolds number), i.e., the idea that the appropriate normalizing parameters for the box turbulence data, indicated that the high wave number part of the velocity spectrum collapsed better when normalized by and u K than with and ͗q 2 ͘ 1/2 . However, the latter pair of scales provides a good collapse for the remainder of the spectrum and is especially appropriate for calculating the nonlinear transfer of energy from large to small scales.
There are a few self-preserving flows (e.g., Tennekes and Lumley 8 provide a detailed tabulation of free shear flows which are self-preserving) for which the Reynolds number should remain constant with x. For the plane wake, the mean velocity defect decays as x −1/2 whereas the mean velocity half-width grows as x 1/2 , so that the Reynolds number, defined on the basis of these quantities, is constant. For a round jet, discharging into still ambient surroundings, the mean velocity on the axis decays as x −1 , while the half-radius grows linearly with x. Another such flow is the boundary layer between converging plane walls 9 for which the free stream velocity decays as x −1 and the boundary layer thickness grows as x.
To our knowledge, there has been no previous attempt to test the similarity of the spectra or velocity structure functions in the above flows, even though the self-preserving forms of the mean velocity and Reynolds stress distributions have been well documented for the plane wake and round jet. Mathieu and Scott 10 noted, in the specific context of the circular jet, that the smallest scales should form part of the similarity solution, given that the integral length scale should be proportional to , at least for sufficiently large Reynolds numbers. Here, we focus on the circular jet, partly because relatively large values of R can be achieved for moderate values of the jet exit diameter and velocity, but also because the absence of lateral boundaries should minimize any interference on the largest scales of the flow. Similarity of mean momentum and turbulent energy in the circular jet is reviewed only briefly in Sec. II, since it can be found in many textbooks. 8, 10, 11 The equilibrium similarity of the structure functions is investigated in more detail in Sec. III. After providing relevant experimental details (Sec. IV) and a basic flow description (Sec. V), experimental support for the analysis is presented in Sec. VI. We consider measurements of both energy structure functions and onedimensional (1D) spectra corresponding to the turbulent energy at several locations along the axis of the jet. The investigation is restricted to the region along the axis where the influence of the terms involving the pressure-neglected in the mathematical analysis of Sec. III-is deemed negligible. To our knowledge, no measurements of the pressure related terms have been published. The DNS results of Boersma et al. 12 for the round jet do not clarify this point. Recently, DNS data were reported for a plane jet: 13 The pressure diffusion terms were found to be negligible on the jet axis at the end of the computational domain (about 12 jet widths).
II. SIMILARITY OF MEAN MOMENTUM AND TURBULENT ENERGY EQUATIONS
Self-similarity solutions in the round jet can be sought, in a straightforward manner, through dimensional arguments. 11, 14 Alternatively (see, for instance, Ref. 10), one can assume a functional dependence for the mean streamwise velocity of the following type:
where U 0 ͑x͒ is the axial streamwise velocity, f͑͒ is the similarity profile for U, and = / ͑x − x 0 ͒ is the similarity variable ( is the radial coordinate). In this approach, we are assuming, from the outset, that there is just one characteristic length, viz. the distance x from the virtual origin of U 0 , x 0 . From constancy of the momentum flux, viz.
it follows that
From the boundary-layer approximation to the first order, the momentum equations for the jet are
from which the following functional forms for the radial velocity and the Reynolds shear stress:
can be obtained, where ĝ and ĥ are the similarity profiles for the radial mean velocity and Reynolds shear stress. Conversely, if the characteristic length scale is not assumed to be linearly proportional to x but is supposed instead to be a general function of x, say ␦ u ͑x͒, 1, 10 so that the general similarity variable is now = / ␦ u ͑x͒, the momentum conser-
From the boundary layer equations and the assumption that the mean and turbulent velocities have the same dependence on x, viz.
with ␦ uv ͑x͒ϳ␦ u ͑x͒, it follows that
so that ␦ u (and ␦ uv ) is linear with x The assumption ␦ uv ͑x͒ϳ␦ u ͑x͒ can be avoided altogether by considering the transport equations for the individual Reynolds stress components along the axis of the jet (e.g., Appendix C in Ref. 15) . If a similarity form is assumed for each of the terms in these equations, it can be rigorously demonstrated that the length scale ␦ u has to increase linearly along the streamwise direction, for the equations to admit to similarity solutions 16 (see also Ref. 17 for the plane jet). This development hinges also on the fact that the sum of the pressure-strain terms in the equations for the Reynolds normal stresses is zero for an incompressible flow.
III. SIMILARITY OF ENERGY STRUCTURE FUNCTION EQUATION
The far field of the circular jet evolves spatially, in terms of mean and fluctuating quantities, according to the criteria set out in the previous section. As a further step, it is of interest to investigate the similarity of all possible scales contributing to the energy, not just the largest ones or those associated with the dissipation of energy. This approach, referred to as equilibrium similarity by George, 4 contrasts with that which addresses only a localized range of scales, such as the local similarity concept of Kolmogorov. 18 The evolution of spectra or second-order structure functions of the velocity is typically used for this purpose, since both sift out the distribution of the energy among the different scales. In this section, we investigate the consequences of applying similarity to the velocity structure function equation. Experimental corroboration will be presented later (Secs. VI A and VI B), for both structure functions and spectra.
We consider both these quantities since, even though they are related-the formal relationship involves a cosine transform, see for instance, Ref. 19 -the treatment, in physical space, is more amenable to experimental verification. We thus avoid having to deal with three-dimensional (3D) energy spectra and energy transfer functions. The evolution equation for the structure functions on the axis of a circular jet was recently derived from the Navier-Stokes equations by Danaila et al. 20 It was assumed that local isotropy was satisfied by the turbulent advection, molecular diffusion, and pressure diffusion terms and the effect of the large scale inhomogeneity was treated in a quasi-isotropic manner. In a recent paper, 6 a similar approach, starting with the structure function equation for grid turbulence in Ref. 21 , was applied to experimental data. For that flow, which is arguably the simplest one available since there is no mean shear and hence no turbulent energy production, the experimental verification of the scale-by-scale energy budget is particularly satisfactory. There was also quite adequate support for and ͗q 2 ͘ 1/2 as the appropriate similarity parameters over a significant range of length scales.
Along the jet axis, the transport equation for the turbulent energy is given by 20 
− ͗␦u͑␦q͒
where s is a dummy variable, r is the spatial separation over which the increments are evaluated. The first term in Eq. (7) is the generalized third-order structure function, while the second represents the viscous effect. The third and fourth terms quantify the role of the streamwise inhomogeneity and of the turbulent energy production, respectively. Finally, the term on the right side of Eq. (7) is proportional to the energy dissipation rate and balances the sum of the other terms.
Here, we use a homogeneous form of the mean energy dissipation rate (͗⑀͘ hom ϵ 3͓͗͑‫ץ‬u / ‫ץ‬x͒ 2 ͘ +2͗͑‫ץ‬v / ‫ץ‬x͒ 2 ͔͘, which is more appropriate than ͗⑀͘ iso ϵ 15͗͑‫ץ‬u / ‫ץ‬x͒ 2 ͘, since 2͗͑‫ץ‬u / ‫ץ‬x͒ 2 ͘ is substantially larger than ͗͑‫ץ‬v / ‫ץ‬x͒ 2 ͘, along the jet axis, as can be seen in Table III (see also Sec. V for further discussion).
In order to examine the conditions under which Eq. (7) satisfies similarity, we need to assume functional forms for the terms in this relation. Following Antonia et al., 6 we assume
where = r / ᐉ and ᐉ is a characteristic length scale, yet to be determined. A possible dependence on the initial conditions, as explained in Ref. 4 , is also plausible, but is not considered here explicitly. Q͑x͒, 49 M͑x͒, R͑x͒, and T͑x͒ are scales that characterize the second-order structure functions of q , u , v, and the third-order structure function ͗␦u͑␦q͒ 2 ͘, respectively. The lower-case functions represent the shape of the structure functions. The separation between functions of x and allows the determination of solutions to the transport equation, for which a relative balance among all of the terms is maintained as the flow progresses downstream. After substituting Eqs. (8)- (11) into Eq. (7), we obtain (after differentiating and rearranging and considering only the variations in x and r)
where 
Note that the following relation:
has been used in deriving Eq. (12). After separating the terms which depend on x from those which depend on , and multiplying by ͑ᐉ / Q͑x͒͒, Eq. (12) becomes
For equilibrium similarity, all terms within the square brackets must evolve in the streamwise direction in the same manner. Since the second of these is constant, all the others must also be constant, viz.
(where the dependence on x has been dropped for simplicity). Equation (18) suggests that ᐉ can be identified with q (hereafter, for simplicity, the exponent 2 in q 2 has been dropped when it appears as a subscript), which is defined as ͑͗q 2 ͘ / ͗⑀͘ hom ͒ 1/2 , since Q͑x͒ represents the limiting value (or 2͗q 2 ͘) of ͗͑␦q͒ 2 ͘ for large separations. The relevant length scale which emerges from the above analysis is the Taylor microscale q . As has already been found for decaying homogeneous isotropic turbulence 4, 6 and the homogeneous shear flow, 5, 20 the Taylor microscale appears to be the length scale relevant to the whole of the energy spectrum. This relevance apparently reflects the fact that q combines information about both large and small scale quantities, and negates the criticism 8 that q has no direct physical meaning. This is, perhaps, not surprising given the rather complex role of ͗⑀͘, which represents the rate at which energy is dissipated over small scales, but may also be interpreted as the rate at which the energy is injected at large scales as well as the rate of transfer of the energy down the cascade, from large to small scales. Note that the scale-by-scale budget Eq. (7) reduces to the transport equation for ͗q 2 ͘ in the limit of r → ϱ. In the limit of r → 0, it reduces to the transport equation for the enstrophy (or the mean energy dissipation rate ͗⑀͘).
IV. EXPERIMENTAL DETAILS
The jet is generated by an open circuit wind tunnel equipped with a variable speed twelve-blade centrifugal blower. The tunnel comprises a diffuser, a settling chamber and a contraction with an area ratio of 85:1. A flexible connection is inserted between the blower and the rest of the tunnel in order to reduce motor-induced vibrations. Several screens and a honeycomb are fitted inside the settling chamber to reduce the turbulence level and to straighten the flow. The jet exits through a nozzle having a diameter D =2R = 55 mm in a large laboratory room whose temperature remained fairly constant ͑±0.5°C͒ throughout every single set of tests. The traversing system allows three degrees of freedom in the streamwise ͑x͒, lateral ͑y͒, and vertical ͑z͒ directions with a resolution of 1, 0.02, and 0.01 mm, respectively. Hereafter, the results will refer to this coordinate system and data for the streamwise and lateral (or radial, ) directions will be presented-in which the fluctuating velocity components are u and v. The corresponding uppercase quantities, U and V, are time-averaged values.
The velocity data were acquired with in-house hot wires and DISA anemometers (55M01 model). Both single and X-wire probes were used, the latter with an angle between the wires of nearly 90°and a lateral separation between the wires of approximately 0.8 mm. The hot wires were etched from Pt-10% Rh to a diameter of d w = 2.5 m and the active length l w was chosen so as to have an aspect ratio l w / d w of nearly 200.
Velocity and angle calibrations were carried out in situ at the jet exit plane. For the speed calibration of the single wire, a third-order polynomial law was fitted to the anemometer output voltage as a function of the mean velocity. The X-wire was calibrated at several values of speed and angle in the ranges of ±40°(in steps of 10°) and 0.9-17.2 ms −1 , respectively. This set of values was used as a look-up-table (LUT), during data reduction, to estimate the velocity through spline interpolations. The LUT method was verified to perform better than an effective angle method, 22 which assumed a constant sensibility coefficient for the lateral velocity. The percentage of drop-outs was always less than 1.2%. The exit velocity of the flow was inferred from a Pitot tube connected to a Furness FCO12 micromanometer (full scale= 20 mmH 2 O, least count= 0.048 mmH 2 O). The single wire data were used as a check of the X-wire response and differences in the mean values of the velocity were always below 2%. The anemometer signals were acquired by means of a 16-bit AD board into a PC. Errors in the main turbulent quantities, given in Table I , were calculated by repeating the measurements 30 times at x =60D and applying the error estimation with 1:20 odds. 23 Basic flow parameters are given in Table II , while some velocity statistics for several values of x / D are reported in Table III .
A. Correction for the spatial resolution of the X-wire
The X-wire has a finite spatial resolution dictated by both the length of the sensitive (etched) part of the wire and the distance between the two wires. A quite general procedure for correcting the spatial attenuation of this probe was given by Wyngaard. 24 The treatment was developed in spectral space since it is easier to account for the integration effect on Fourier components of the velocity. To assess the attenuation function, the shape of the three-dimensional energy spectrum of the velocity needs to be assumed. Here, we have chosen the form used by Martinez et al. 25 and the attenuation function was evaluated in accordance with the procedure of Zhu and Antonia, 26 who extended Wyngaard's original analysis. 24 This procedure takes into account the effects of the included angle between the wires, the length of the wires and the separation between the wires, and assumes the form of a correction function which is applied to the spectral content of the velocity and, consequently, the energy dissipation rate, for u and v. The spectral correction was applied after the velocity data were re-sampled according to the modified Taylor's hypothesis, which is described in some detail below. Corrections for uЈ and vЈ, due to spatial attenuation, were within 0.7% of the original values, while the values of ͑‫ץ‬u / ‫ץ‬x͒Ј 2 were corrected upwards from 10% to 2% (between x / D =30 to x / D = 90, respectively) and the values ͑‫ץ‬v / ‫ץ‬x͒Ј 2 from 26% to 6%, over the same range of x / D. The radial component is, thus, more affected by the spectral attenuation correction, for the X-probe configuration we used.
B. Effect of modifying Taylor's hypothesis
The present hot wire measurements have been done with a static hot wire, i.e., the time-varying velocity signals were acquired with probes at a fixed location. To obtain information in terms of x instead of t, a time-space transformation is invoked. This is usually performed via Taylor's hypothesis, viz.
when the delay is not too large (in this section the three velocity components are sometimes indicated with numbered subscripts). In this case, time and space derivatives are related by
where repeated indices imply summation, a comma indicates differentiation and i = ͑1,2,3͒. This approximationassuming that U can be replaced by the mean streamwise velocity U 1 -is acceptable for small turbulence intensities, u i Ј/ U, since, in this case, the turbulence can be thought to be advected by a constant convection velocity. In the far field of a jet, the turbulence intensity is about 25% and such an approximation can lead to large errors, since the velocity fluctuations are high enough to render the concept of uniform translation questionable. Flying-hot-wires are sometimes used to alleviate this problem by introducing an additive transport velocity, thus fictitiously reducing the turbulence intensity. It is not practical to use flying-hot-wires because of the complications involved in displacing the probe at sufficiently high velocities and performing ensemble averages. 
where j = ͑1,2,3͒. With the further assumption that the spatial derivatives of the velocity fluctuations in directions 2 and 3 are negligible, we obtain
This approach, which is hereafter referred to as modified Taylor's hypothesis or MTH, differs somewhat from that of Lumley 27 and Heskestad, 28 who used a large scale convection velocity. We have found that the use of a large scale convection velocity resolves in only slight changes in the high wave number part of the u and v spectra, compared to the use of the instantaneous convection velocity. For example, ͗͑‫ץ‬u / ‫ץ‬x͒ 2 ͘ and ͗͑‫ץ‬v / ‫ץ‬x͒ 2 ͘ are approximately 2% and 1.4% larger, when the large scale convection velocity is used.
The time-space transformation of velocity derivatives amounts to resampling (unevenly) the original (evenly spaced by ⌬x = U 1 ⌬t, where ⌬t is the inverse of the sampling frequency) velocity signals at the new locations given by
where N is the number of samples and t k = k⌬t. Here, the "new" velocity values at x k Ј were obtained with a locally linear interpolation. This resampling procedure produces signals with similar characteristics to laser Doppler velocimetry (LDV) signals, where the particle arrival times are not evenly spread but approximately follow a (Poisson) probability distribution. The effect on the statistics of the velocity fluctuations can be significant, as illustrated in Fig. 1 , which shows k 1 2 u ͑k 1 ͒, the 1D energy dissipation rate spectrum based on u [similar results, not shown here, hold for k 1 2 v ͑k 1 ͒]. The distribution calculated after correcting for the spatial attenuation is also reproduced. The major effects are concentrated at small scales, where Taylor's hypothesis considerably overestimates the distribution (see also the inset showing the energy spectra). The spatial attenuation correction acts in the opposite direction, increasing the measured values at high wave numbers, but is of minor importance, compared to the effect of MTH. The measured isotropy of the small scales (ratio of the energy dissipation rates estimated from the two velocity components) is improved by the application of MTH and the spectral attenuation correction.
The structure functions presented in this paper have been calculated from velocity signals corrected using the MTH. However, no spatial attenuation correction was applied to the structure functions since a procedure equivalent to that previously outlined for the spectra is not available in physical space.
The algorithm for applying the MTH is similar to that used by Kahalerras et al. 29 for assessing the effect the correction has on the velocity spectrum and pdf. Our results corroborate their conclusion regarding the major effect, especially at small scales, of this correction. The application of the correction for spectral attenuation and particularly the MTH was verified here to be important for obtaining reliable information on the streamwise development of turbulence quantities, in particular those based on ͗⑀͘, such as and R .
V. BASIC FLOW PARAMETERS
The jet issues from a round nozzle in a nominally laminar state with a turbulence intensity of nearly 1.5%, mainly due to the low-frequency unsteadiness of the fan, and a tophat velocity profile. The exit velocity is U j Ӎ 35 ms −1 which yields a Reynolds number of Re D = 1.3ϫ 10 5 . More details on the state of the boundary layer can be found in Ref. 30 . In the far field, x / D ജ 30, the mean streamwise velocity on the axis, U 0 , decays as shown in Fig. 2 (where data from other sources, 15, 31 are also included). The decay of U j / U 0 is almost linear and the least-squares fit to the data (the residual, viz. the sum of the deviations from this fit, is 0.14), based on the Axial profiles of the streamwise turbulence intensity, uЈ / U 0 , and the ratios uЈ / vЈ and L u / L v are plotted in Fig. 3 , where
is the integral length scale of ␣͑ϵ͕u , v͖͒. The upper limit of the integration r 0 corresponds to the location of the first zerocrossing of the correlation coefficient,
We have also estimated the integral scale L q associated with ͗q 2 ͘, defined such that
where r 0 is the location of the first zero-crossing of the integrand. The ratio uЈ / vЈ, which quantifies the large scale anisotropy, is 1.25 on average. Hussein, Capp, and George 15 and Panchapakesan and Lumley 32 obtained 1.25 and 1.3, respectively. The fact that these ratios are constant beyond x / D = 30 indicates that a relative equilibrium of these second-order quantities has been achieved on the axis. The turbulence intensity is close to 25% (compared to 22% in Ref. 15 and 24% in Ref. 32) , which accounts for the large errors associated with the use of Taylor's hypothesis. 28 The average value of L u / L v is close to 1.75, on average, smaller than the isotropic value of 2. For comparison, the grid turbulence of Ref. 22 , at a distance x =42M (M is the grid mesh size) yields uЈ / vЈ Ӎ 1.17 and L u / L v Ӎ 2.6, but with much lower turbulence intensity ͑uЈ / U Ӎ 0.025͒. Detailed tabulations of some of the statistical quantities connected with the velocity and length scales are given in Tables III-V. The radial profiles of U (Fig. 4) collapse approximately, when normalized by the local half-velocity radius ͑R 0.5 ͒. Satisfactory collapse is also exhibited by the fluctuating intensity profiles, Fig. 5 . The normalized distributions of ͗q 2 ͘ appear to comply with similarity more satisfactorily than those TABLE IV. Length scales on the jet axis. 
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Similarity in the far field of a turbulent round jet Phys. Fluids 17, 025101 (2005) of ͗u 2 ͘. This seems to be due to a reciprocal compensation of the fluctuation intensities of u and v, leading to a more uniform distribution of the mean energy.
The statistics of ͑‫ץ‬u / ‫ץ‬x͒ and ͑‫ץ‬v / ‫ץ‬x͒, Table III , can be used to characterize the behavior of the small scales. As noted earlier, these spatial derivatives are inferred from time derivatives, by invoking MTH. The first of these derivatives is used to define the more conventional Taylor microscale ͑ϵuЈ / ͑‫ץ‬u / ‫ץ‬x͒Ј͒, which combines some of the large scale properties, through uЈ, with the characteristics of the smallest scales, via the velocity derivative. The variation of R = uЈ / along the jet axis is plotted in Fig. 6 . R is approximately constant, with a mean value of about 450, and nearly all the values are within the experimental uncertainty (for x / D Ͻ 40, the similarity of the small scales statistics appears not to be achieved yet, in agreement with the suggestion in Ref. 8 ). This constancy is in accord with the circular jet results of Antonia et al. 33 The mean energy dissipation rate, estimated from isotropy, is given by
or, in spectral form,
where the 1D energy spectral density u ͑k 1 ͒ is defined such that
This normalization is global in nature, meaning that it constrains the area under to spectrum to a given value, and has to be applied to the spectrum calculated from a signal of suitable duration to ensure that the velocity variance is estimated correctly. (If the original signal is broken up into constant width windows, a common practice for reducing the scatter in the Fourier transform, a significant part of the energy at low frequencies may be lost.) Subsequently, the Kolmogorov length and velocity scales are defined by
, respectively. A homogeneous expression for the mean energy dissipation rate is
͑27͒
This departure from local isotropy seems consistent with the observation by George and Hussein 34 that, on the axis of the jet, local axisymmetry provided a more reliable estimate of ͗⑀͘ than local isotropy. Having introduced ͗⑀͘ hom , a more general definition of the Taylor microscale would be q = ͑5͗q 2 ͘ / ͗⑀͘ hom ͒ 1/2 . 6 The corresponding turbulence Reynolds number is R q ϵ͑͗q 2 ͘ /3͒ 1/2 q / , which is also included in Fig. 6 . The magnitude of R q is smaller than that of R , because the energy dissipation rate estimated using ͗͑‫ץ‬v / ‫ץ‬x͒ 2 ͘ falls short of the isotropic value and, thus, reduces the estimate of ͗⑀͘ hom with respect to ͗⑀͘ iso . The scatter in the values of R q is also reduced to 2.7%, and now all the points for x / D ജ 35 have the same value, to within the experimental uncertainty. The reduced scatter in R q reflects also the higher uniformity in x of ͗q 2 ͘ compared to ͗u 2 ͘. Even though in this paper we focus on the axial development of the flow, it is interesting to have a brief look at the radial profiles of some quantities. Estimates of ᐉ, defined as ͗⑀͘ hom / ͗q 2 ͘ 3/2 , and the half-velocity radius R 0.5 are evaluated for three axial stations ͑x / D = ͓40, 60, 80͔͒, Table V. The nondimensional coefficient C ⑀ hom ϵ R 0.5 ͗⑀͘ hom / ͗q 2 ͘ 3/2 is approximately constant unlike C ⑀ iso ϵ R 0.5 ͗⑀͘ iso / uЈ 3 , which substantially increases with x. There is little doubt that the use of ͗⑀͘ hom leads to an improvement in the similarity of radial profiles of the energy dissipation rate, Fig. 7 .
The departure from isotropy of the small scales can be quantified by the ratio I = ͗͑‫ץ‬v / ‫ץ‬x͒ 2 ͘ / ͗͑‫ץ‬u / ‫ץ‬x͒ 2 ͘, Table III : the average value of I is 1.7, in the range 35ഛ x / D ഛ 90. In comparison, for grid turbulence, I is typically 1.8, slightly closer to the isotropic value of 2. Champagne, 35 who also applied corrections for Taylor's hypothesis in high turbulence intensity, reported a value of I of 1.6 at x / D = 70 for a round jet with R = 626.
VI. ENERGY SPECTRA AND STRUCTURE FUNCTIONS
Having examined the analytical conditions for similarity of the energy structure functions in Sec. III, we now proceed to the experimental verification of these conditions in the far-field of the jet. The relation between u ͑k 1 ͒ and ͗͑␦u͒ 2 ͘, viz.
allows ͗͑␦u͒ 2 ͘ to be inferred from u ͑k 1 ͒. The transformation from the spectrum to the structure function involves an integration and should, therefore, produce an output which is more regular that the integrand. Because of the integral in Eq. (28), the scaling range in the physical space should be narrower than in the spectral domain. 36, 37 We prefer to present both spectra and structure functions, primarily to crosscheck our conclusions, but also because of the likely differences between these two quantities, which could lead to possibly different interpretations. For example, electronic noise contamination is more evident in the high wave number portion of the spectrum than at small separations in the structure functions.
Differences between spectra and structure functions may also arise because of different types of normalization they are subjected to. The power spectrum satisfies an integral constraint [Eq. (26) for u and a corresponding one for v], while the structure functions converge to local (pointwise) limits, at large separations, e.g.,
ͪR .
͑31͒
In the far field of the jet, these limiting values should not depend on x, since R (or R q ) and the ratio ͗v 2 ͘ / ͗u 2 ͘ are constant (e.g., Figs. 3 and 6) . 
A. Spectra
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normalized using three main types of normalizations (as summarized in Table VI) . One of these is based on the Kolmogorov scales and u K . The other two use the rms velocity In general, from these figures, it appears that the collapse is adequate over the wave number range, for each choice of scaling parameters pairs, as might have been expected from the constancy of R . The relatively wide range of spatial locations used here, 35ഛ x / D ഛ 90, reinforces this conclusion. However, a close look at the spectra reveals some systematic trends. When the integral length scale is used, Fig. 10 , the spectra appear to come together more closely at relatively small wave numbers. With the Kolmogorov normalization (Fig. 8) , this tendency holds at relatively large wave numbers. The normalization based on q and ͗␣ 2 ͘, Fig. 9 , appears to provide a satisfactorily collapse for nearly all wave numbers. (Note that, at very large wave numbers, the spectral density begins to increase. This upturn is clearly not physical and is due to electronic noise, which is unavoidable in this type of experiment. Spectra were not corrected for this noise because of the subjectivity involved in this procedure.) The level of collapse of the spectra was quantified directly by calculating the dispersion (viz. the rms) of the spectral values at every wave number. The dispersion is defined as
Here, the tilde denotes normalization according to any of the chosen parametric pairs and the overbar the average of the spectral density data (at the same wave number) for all the locations on the jet axis (in the range 35ഛ x / D ഛ 90). Values of SP are shown in Fig. 11 , where the abscissa represents the wave number divided by the maximum measured wave number, which corresponds quite closely to the Kolmogorov scale, at all the axial locations. Even though the curves are jittery (the spectra exhibit intrinsic scatter), it appears that at low wave numbers-corresponding to values of the length scale around L q -the dispersion is generally lowest when the normalization is based on L q whereas, at high wave numbers, the Kolmogorov-based scaling yields the lowest values of SP . When the scaling is based on q , the dispersion falls roughly between the two previous estimates, but a precise wave number, for which either the L q -based or Kolmogorovbased normalization is more pertinent, is not clearly discernible. In addition, it is also apparent that the dispersion increases at large wave numbers, regardless of the choice of Length scales scaling parameters. This seems to be caused by the contribution from electronic noise. The compensated distribution of q (inset of Fig. 8 ) highlights that there is a significant range of scales where the spectrum follows a power law. Over this range, a least squares fit to the spectrum yields a slope of m = −1.52, compared to the prediction of −1.67 of Kolmogorov 18 and Obukhov, 39 the difference being likely produced by the finite value of R . [40] [41] [42] Such an ad hoc compensation of the spectrum does not highlight the spectral "bump" at the high-wave number end of the scaling range, 43 although this feature would become noticeable when the spectrum is multiplied by
The inset in Fig. 9 shows that the most energetic scale is located at k q Ӎ 0.05. This provides an estimate of the integral length scale, which is indeed nearly 20 times larger than q (see Table IV ). By comparison, for active grid turbulence at R Ӎ 262, the peak in the energy spectrum is at k Ӎ 0.1, 40 which corresponds to an integral scale of 0.1 m (see their  Table I ), while the Taylor microscale is Ӎ16 times smaller. The larger separation between q and L q in the jet reflects the higher Reynolds number, since one expects L / to be proportional to R (if local isotropy is assumed).
George 1, 4 showed that, for decaying homogeneous and isotropic turbulence, and ͗q 2 ͘ 1/2 are scales which allow the spectral energy equation to admit to similarity. Support for this was provided by grid turbulence measurements of Comte-Bellot and Corrsin. 44 The grid turbulence data of Antonia et al. 6 also provided support for and ͗q 2 ͘ 1/2 . However, these authors also found that the Kolmogorov variables u K and collapsed the high wave number part of q satisfactorily, at least as well as a -based normalization. As there was no attempt to quantify the degree of collapse, it was not possible to assess unambiguously the relative merits of these two normalizations at large k 1 ; the difficulty was possibly compounded by the insufficient spatial resolution of the hot wires. Recently, using well resolved DNS data for low Reynolds number decaying turbulence in a periodic box, Antonia and .
B. Structure functions
Structure functions of q 2 , normalized according to the parametric groupings set out in Table VI , are represented in Figs. 12-14. Previous comments on the relative behaviors of the spectra for the three types of normalization considered, also apply in general to the structure functions. These curves are, however, smoother, compared to the spectra, hence the discrepancies between different normalizations are less ambiguous. From these figures it can be inferred that the Taylorbased normalization performs adequately for almost all separations. Nonetheless, at small separations, u K and provide a better quality of collapse of the structure functions. Finally, when the integral length scale L q and ͗q 2 ͘ 1/2 are used, the collapse at large separations appears to be improved. In order to quantify this improvement, we estimate once more the dispersion, defined, analogously to Eq. (32), as the rootmean squared (rms) value of ͗͑␦q͒ 2 ͘ (at every value of r) for Fig. 8-10 . Normalization based on: -, integral length scale and ͗q 2 ͘; ·-·-, Taylor microscale and ͗q 2 ͘;¯, Kolmogorov scales. k max corresponds to the largest wave number for which the spectra have been calculated.
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Similarity in the far field of a turbulent round jet Phys. Fluids 17, 025101 (2005) all the values of x / D, normalized by the mean value (indicated by the overbar) of ͗͑␦q͒ 2 ͘ over different axial stations, i.e.,
The result is plotted in Fig. 15 in terms of the separation r normalized by the largest separation used in calculating the structure functions. As was observed for the spectra, the smallest values of SF at small r correspond to the Kolmogorov normalization. At large separations, SF is smallest for the normalization based on L q and ͗q 2 ͘ 1/2 . The differences between the three curves for SF are relatively larger at small r than large r. In the latter case, the undulations in SF are apparently linked to the variations in the limiting valuesEqs. (29)-(31)-which reflect the finite duration of the velocity records. A Taylor-based normalization provides an adequate overall collapse, since the corresponding values of SF lie between those for the other two normalizations for log͑r͒ / log͑r max ͒ Շ 0.7, attaining comparable values to the integral normalization for larger separations. Interestingly, the crossover between the -based and L q -based normalizations is close to q . It would seem that the Taylor microscale corresponds to the scale where the large and small scales normalizations exchange roles in terms of collapsing the structure functions. This feature could be taken into account in devising an empirical parametric model of the structure functions.
The limiting values of ͗͑␦␣͒ 2 ͘ / u K 2 , calculated assuming local isotropy in Eqs. (29) and (30) , are reported in Fig. 12 u and 155 for v) . In comparison, for twodimensional wakes behind cylinders, the limit for u displays the same level of accuracy, while that for v has a marked dependence on the type of wake generator. 3 The limit of ͗͑␦q͒ 2 ͘ / u K 2 , as estimated using Eq. (31), is also reported in the same figure: Its value is 522, viz. nearly 4% smaller than the average measured value (544).
The approach towards the limiting values of ͗͑␦␣͒ 2 ͘ as r → ϱ is achieved in a monotonic manner, i.e., there is no marked periodicity in the flow and the role of the large coherent structures may be very limited from an energy viewpoint. An opposite trend was observed in the cylinder wakes examined by Antonia et al.; 3 there, the structure functions of the lateral velocity component exhibited a clear overshoot before returning to their limiting value (accordingly, there was a distinct peak in the spectrum). This behavior reflects the persisting action of the vortices shed by the wake generators. Speculatively, for the 2D wake, for which R is also constant along x, the similarity of structure functions and spectra may be less satisfactory than for the jet (this point needs to be investigated in a future research). Coherent structures in the far field of the jet have been investigated by means of phase averaging by Tso and Hussain 45 but the energy content of the most probable helical structures remains difficult to assess directly. 46 The success of the scaling of the structure functions and spectra found here is compatible with a picture where the coherent structures do not play a dominant role. A connection between the scaling of one-point statistics and the organization of the flow has been recently investigated in Ref. 47 where it was shown that the collapse of the moments (up to order three) of velocity fluctuations in a shear layer is improved when the coherent structures are inhibited.
VII. CONCLUSIONS
Traditional arguments indicate that mean velocity and Reynolds stress profiles in a round jet should exhibit a selfsimilar behavior. However, the influence of the initial conditions or Reynolds number on this similarity state cannot be ruled out, as indicated by George.
1 Many analyses of single point statistical moments (i.e., those related by the Reynolds averaged equations) have been reported for the round jet in previous investigations. We have preferred to focus on the two-point statistics-that is, involving the difference of the velocity at points separated in time, converted to a spatial separation via Taylor's hypothesis-and have applied a similarity analysis to the transport equation for structure functions. This analysis indicates that the Taylor microscale is the relevant length scale. However, since the turbulence Reynolds number remains constant with x, the Kolmogorov microscale , the Taylor microscale and the integral length scale L should develop with x proportionately to each other. The constancy of R suggests that the degree with which structure functions and spectra comply with similarity should be equally satisfactory, regardless of the choice of scaling parameters. From an analytical point of view, the round jet should exhibit similarity across the complete range of length scales. The existence of equilibrium similarity has not been rigorously demonstrated. It has only been assumed, as for the Blasius solution of a laminar boundary layer. A formal justification of the present solution is not apparent. Experimental corroboration of the similarity analysis is thus of fundamental importance. Experimental data in the far field of the jet ͑35ഛ x / D ഛ 90͒, after correcting for the effects of spatial attenuation of the X-wire and/or Taylor's hypothesis, support the conclusion that the three types of normalization collapse the spectra and structure functions reasonably well. The -based scaling is satisfactory over nearly the whole range of scales, although, at length scales of the order of and L, Kolmogorov-based and integral-based normalizations are superior in the sense that the corresponding collapses in these ranges exhibit smaller dispersions. An intuitive explanation for the adequate overall performance of the -based scaling may be linked to the definition of this scale; it combines information from large scales (via ͗q 2 ͘) and small scales (through the dissipation rate). It is conceivable, although difficult to verify experimentally, that in the limit of very large Reynolds numbers and with adequately resolved measurements of the smallest and largest scales, the three scalings will yield an equally good collapse of the spectra and structure functions. Further verification of these ideas is more likely to occur for a jet flow, compared to (static) grid turbulence, because of the relatively high values of R that can be achieved and the absence of boundaries. (Active grids can achieve comparable or larger values of R , somehow at the expense of the large scale inhomogeneity, due to the forcing that is applied to the flow.) A natural outcome of the relevance of the Taylor-based normalization would be the development of a general parametric model for the structure function or the spectrum. At present, many of the models commonly used to describe the spectrum (or structure function) are parametrized on the values of these functions at small and large separations (e.g., Ref. 48 and references therein). The slope in the inertial range is then considered separately, possibly as a function of the Reynolds number. A unifying approach, which requires less experimentally tunable parameters and hinges on the Taylor microscale, will be attempted in the future with the aim of obtaining a more general model.
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